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Evaluation of Error Caused by Histogram on Estimation of
Parameters for a Mixture of Normal Distributions

TATSURO AKAMINED

Abstract

When we use histograms instead of raw data to estimate parameters by the maximum
likelihood method, data has an error distributed according to a regular distribution among
the width of the histogram. This influence on the estimation of parameters is evaluated
by the linearized error propagation rule. Covariance is in proportion to the width squared
and in inverse proportion to the number of data. Even if the number of data is large, the
precision is low for small normal distributions. In practice, an adequate width will be given

by the shapes of the histograms.

Key words error propagation rule, parameter estimation, mixture, normal distribution,

histogram

1. Model

The mixture of normal distributions are defined as follows:

g% PN, %P1, (1.1)

i=1 =1

iy 2;175 o eXp{—— 1 <3€jﬁ" )Z} n : number of N;

N 2\ o

The objective function Y is the maximum likelihood method as follows :

T

Y=—21Ing. T :number of data (1.2)
k=1

Determine the parameter values to give the minimum Y. When 7T is large, we

usually use histogram Fea, Fain, Fayon, -+ , F'o. Then

b
Vie—Y Felng (1.3)

is used instead of (1.2). For (1.3) HasseLBLap (1966) solved by the iteration
Received : October 13, 1987. Contribution A No. 446 from the Japan Sea Regional Fisheries Research
Laboratory.
1) Japan Sea Regional Fisheries Research Laboratory, Suido-cho, Niigata, 951, Japan.
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method developed by himself and AxkaMINE (1985, 1987) solved by MARQUARDT'S
method. It is easy to convert these programs for (1.2) because (1.3) includes (1. 2)
formally. An example of the conversion from AkaMiNE (1987)’s program is shown

in Appendix A.

I1. Error propagation rule

Let ¥ =In g in (1.2). Then the following equation holds for the solution.

Y L oy Y
aw  Zian 0 2D

When error dx is added to data x, parameters @ increase d6. Then (2.1) leads to

oy . 2 oYy T o2y .
Rl Y. 7/ B I, 7 R 2
0 a0; B 00,00, o/J+kZ}:1 3008 oxk 0. (2.2)
P : number of parameters
This is as follows for matrix.
Hi6-|-Jox—=0. (2.3)
H- ( oy ) (—i‘ 9% . Hessian
a0;:00; ) \ k:lao,-aﬁj,)'
Y N %y N .
J Y o ) ( T TN ) : Jacobian
Where
a2y 1 ( %  dg g\
00, g2 (ata 900 207 .4
o2y 1 ¢ %% 99 09 .
e g Lamox 9 aps o) (2.5)

According to (1. 1), in this paper P, is excluded as follows :
n—1
Pp==1--3 Pi. (2.6)
i=1

Then the concrete expression for (2.4) and (2.5) are as follows :

ag & CoX— i
o 2 P Nil =7 57 ) 2.7
g x g X~
Pios Ni( - g )Nl =R (2.8)
g, (g te? o
Opiox Pi Ni o (2.9)
02 —(x— )3 — 1;)oi2
9 p; Ny AT )8 o (2.10)

00,0x aid
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0g/00 and 029 /06;00; are shown in AkKAMINE (1987).
(2.3) leads to

00— —H1Jix. (2.3")
Then we get

060106 > = H~'J<dxtox >'JH! (2.11)
< > : Expected value
tA : Transfomed matrix of A

This is the linearized error propagation rule. dx distributes according to a regular
distribution among /% (width of histogram) independently of x. Therefore,

h? .
[ G-
< 0xidx; > = (2.12)
0 (i#i)
Then, let B—JtJ. 1t leads to
<00106> =" g-BH =" H-"BH- (2.13)
12 127 -

Where
H-TH=T(hij), H-'~ }}—1/7‘;, (h=1:) /T,
B=TB-T(bh:.
And, substituting (2. 3) for

5Y*—;é—t50H50, (2.14)

and cleaning, we get
AN N
hlij b z’j)- (2.15)

Although <06!06> decreases when T increases, <0Y > is not concerned with T
because B is in proportion to T and H~! is in inverse proportion to T (Fig. 1).
When 4=0, covariance matrix ¥ is as follows according to AxaMINE (1985).

V=<46'460>~H™! (2.16)
When £+0, 30 is independent of 40. Therefore,
V=< 460 40>+ <06100>. (2.17)

The following approximations hold.

SO

H\— L op700; ) (2.3
ey B
A =L Frogy 0,-> (2.18)



—174— T. AKAMINE

Y*

oY

Yo

y
6o 66
Fig. 1. An illustration of the neighborhood of the solution.
Y : objective function 6 : parameter
. TS_miaa,»aa,- g dx (2.19)
(¥ 02y 02y
B= <1£1 00;0xr  00,0xk > (2. 20)
b 52 o2
*(ﬁa Fe—pg.0x 90,0x > (2.21)
(% 02y
_'Ts—w 0% 0,5 9 (2.22)

(2.18) and (2.21) have error caused by the histogram. Precision of (2.19) and (2.
22) is dependent on the fitness of data for g. In practice, the trapezoidal rule is
enough for the calculation of (2.19) and (2.22). For an improper integral of infinite
interval as a normal distribution, the trapezoidal rule is the best (e. g. Mor1 1974).

III. Experiment

Data made from normal random numbers (YamauTi 1972) for this experiment
are shown in Table 1. This is raw data (4=0). N, and N; have bias because the
number of data is small. The data for the width of histogram %#=1, 2, 3, 4 are shown
in Table 2. The computer programs used for this experiment are Appendix A of
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Raw data of N; (10, 3.5).

Table 1-a.

Total

12
14
18
15
20
21

3

13
20
21
22

27 11 20 21 24 15 15 22 24

21

Total

Table 1-b. Raw data of N, (22, 3.5).

Total

14
13
13
21

16
15
16
12

13
14
15
16
17
18
19
20
21

22
23
24

25

26
27
28
29

150

12 12 13 11 10

15 14 18

16

Total

29
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Table 1-¢. Raw data of N, (33, 3.0).

.0 .1 .2 .3 .4 .5 .6 .7 .8 .9 Total
25 | 1 1
26
27 1 1
28 1 1 1 3
29 1 1 2
30 2 1 1 1 1 1 8
31 1 3 3 1 9
32 1 1 1 1 1 1 1 8
33 1 2 1 1 2 7
34 2 1 2 2 2 2 11
35 1 1 1 1 5
36 4 1 2 1 1 9
37 1 1 2 4
38 1 1 1 3
39 1 1 1 3
40 1 1
Total 9 6 4 10 6 6 7 9 12 6 1 75
Table 1-d. Raw data of N, (43, 2.5).
! .0 .1 .2 .3 .4 .5 .6 7 .8 .9 E Total
36 1 1
37 1 1 2
38 1 1 1 3
39 1 1 1 1 2 6
40 1 2 1 2 6
41 1 1 1 1 4
42 4 3 2 1 10
43 1 1 1 2 1 1 7
44 1 1 1 1 4
45 2 1 1 4
46 1 1 2
47 1 i 1




Error Caused by Histogram —177—
Table 1-e. Raw data of N5 (51, 2.5).
= 0 T |
| .0 1 .2 .3 A4 6 7 .9 | Total
45 1 } 1
46 1 | 1
47 1 i 1
® 1 2 i 4
49 | 1 1 2
50 1 ‘ 1
51 1 2 2 6
52 1 1 | 3
53 | 1 1 1 [ 3
54 i 1 ] 2
55 ] 1
T i - - T i
Total | 2 2 3 2 3 3 3 2 ! 25
Table 2-a. Data for histogram A=1.
x Fy | x Fyx | x Fx ! x Fx
1.5 2 155 6  29.5 3 | s 7
2.5 2 16.5 10 | 30.5 8 | 445 4
3.5 5 17.5 10 \ 31.5 9 45.5 5
4.5 9 18.5 15 i 32.5 8 46.5 3
5.5 12 19.5 14 ! 33.5 7 47.5 2
6.5 14 20.5 13 | 34.5 11 48.5 4
7.5 18 ; 21.5 21 | 35.5 5 49.5 2
8.5 15 22.5 17 36.5 10 50.5 1
9.5 20 23.5 15 37.5 6 51.5 6
10.5 21 24.5 16 | 38.5 6 52.5 3
11.5 25 25.5 13 39.5 9 ‘ 53.5 3
12.5 19 26.5 5 40.5 7 i 54.5 2
13.5 13 ! 27.5 7 ‘ 41.5 4 55.5 1
14.5 9 | 28.5 8 f 42.5 10
Table 2-b. Data for histogram £=2.

S S ) L . S
% Fy % Fy | x Fy j x Fy
1 2 15 15 I 29 11 f 43 17
3 T 20 | 31 17 L 45 9
5 21 19 29 33 5 | 47 5

|
7 32 ; 21 34 35 16 ; 49 6
9 35 ; 23 32 37 16 51 7
11 46 25 29 i 39 15 | 53 6
13 32 27 12 \ 1 11 3

55
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10.5
13.5

AxaAMINE (1987) and Appendix A of this paper (MARQUARDT’s method).

T. AKAMINE

Fu

25
23
22
20
21

Fx
31

31
28

Fx | x Fy X
| , L
4 ‘ 16.5 26 1 31.5
26 i 19.5 42 ! 34.5
47 22.5 53 ‘ 37.5
66 25.5 34 . 40.5
41 . 285 18 | 435

Table 2-d. Data for histogram 4=14.

Fx ? x Fx : X

9 ! 18 49 ! 34

53 i 22 66 ’ 38

81 \ 26 41 42

j 30 45

47

28

14

values for these calculations are the original values of data.

46.5
49.5
i 52.5
i 55.5

10

12

The initial
The data of 25 did

not converge by using either this program or HasseLBLAD (1966)’s iteration method
(Appendix B of AkAMINE 1987) because of error (when g<0 caused by P:< 0, LOG (g)
The solution of 2=0
is different from the original values because of the bias of N, and Ns.

cannot be defined).

i
|
|

S
IS, B SO SR R

Tl W N =

-~ W N =

Table 3. Results of the calculations.

Results are shown in Table 3 and Fig. 2.

0.20

0.80

Original o - Solution” .

values data-0 \ data-1 data-2 i data-3
3.5 3. 46922 3.45241 3.51287 3.62300
3.5 3.27365 3.45002 3.15141 3.30452
3.0 3. 06854 2.94871 6.57654 3.68612
2.5 4. 44999 4.68817 1.31251 3.59731
2.5 1.44114 1.53241 2.28118 1. 88585
10 9.72112 9.73426 9.73179 9. 87249
22 21.7277 21.8949 21.4799 21.9786
33 32.5708 32.6374 35. 3554 33.0844
43 41.5331 41.1827 43.1750 42.2803
51 52.4835 52.5322 51. 3989 52.2755
.40 . 385945 . 383253 . 385350 . 392498
.30 . 306997 . 315608 .276731 . 294951
.15 . 120122 . 105166 . 275346 . 151181
.10 . 157461 . 166713 . 0232848 . 123567

1918.08 1911.52 1911.75 1913.16 1912.57
(6.56) 0 0.23 1.64 1.05

0

1.80

3.42647
4.16409
4.45196
3.68281
2. 15709

9. 30553
21.3899
33.7139
41.9722
51. 6600

. 356020
. 338307
. 158263
. 106954

1915.17
3.65
3.20
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ORIGINAL

10 20

BODY LENGTH

RAW DATA h=0

-

l

16 20 30 40 50 80

BODY LENGTH

HISTOGRAM h=1

il

10 20 30 40 50 60
BODY LENGTH

Fig. 2-a. Results of the calculations (see Table 3).
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FREQUENCY FREQUENCY

FREQUENCY

T. AKAMINE

HISTOGRAM h=2

BODY LENGTH
Fig. 2-b. Continued.

.06
05|
.04 \
.03
.02}
.ot
% 10 20 30 40 50 60
BODY LENGTH
HISTOGRAM h=3
.08
.05
wl N
.03
.02
.01
0 10 20 0 40 50 80
BODY LENGTH
HISTOGRAM h=4
.06
os|
% 10 20 30 20 50 80
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H~! and B of the solution for Z==0 calculated by (2.3) and (2. 20) are shown in
Tables 4 and 5. <(06!06”> calculated by (2.13) is shown in Table 6. Scaling is not
done for these value. On the other hand,

<M@~4%§@m#mmm
Seeing ¢Y of Table 3, for =1 they are almost equal, but for 2=2 they are far apart.
For £=2 the linearized approximation (2. 3) does not hold. It appears in Fig. 2.
In order to calculate (2.19) and (2. 22) to 3 significant figures by the trapezoidal
rule, it is enough for this data to let x=—10~70, 2=0. 5.

IV. Consideration

When T (number of data) increases, <J@!46> and <0608 > decreases.
<(36'36>> can be omitted if 2 (width of histogram) is small to some degree. The
linearized approximation is not efficient because the non-linearity is too strong. In
practice, the shapes of histograms are enough to judge the adequate 4. Although it
is the best to estimate for raw data (£=0), it is time consuming. It is better to
decide % according to 7, the precision of data and the purpose.

Although at the data in this paper ¢young >0o14, at body length of fishes oyoung<C
Uo1a in general. For the latter the precision of estimated values about Noiga may be
lower. Be careful even if T is large because the precision for Noq is low.
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Appendix A. The BASIC program to estimate parameters of a mixture of normal
distributions for raw data. Changing parts from Appendix A of
AkAMINE (1987).
10 g g
20 ! Polymodal model by Marquardt's method for raw data
30 !
40 ! from Appendix A of Akamine(1987)
50 ! 1985-10-23
60 L UGS S
2060 !
2070 PRINT "Number of raw data "; NOX
2080 '
2140 DIM X(NOX),GX(NOX),DIFFER(NP),BND(NND,NOX)
2180 '
2190 FOR K=1 TO NOX
2200 !
2210 READ X(K)
2220 PRINT "X(";K;")=";X(K),
2230 !
2260 PRINT "Sum of data =";NOX
4100 FOR K=1 TO NOX
4110 G1=GX(K) : F7=1/G1 : F6=F7/G1
6050 FOR K=1 TO NOX
6110 Y2=Y2-LOG(F1)



