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Estimation of Parameters for RiICHARDS Model

TATSURO AKAMINED

Abstract

AxAMINE (1986)’s BASIC program by MarQuarpT’s method was rewritten for
RicHARDS model and its expanded model by the periodic function. For 0. 9~1.1 the “LOG”
function is corrected by TAYLOR series. Data estimated to be negative are cut off. AIC
judges the etfect of adding n to the parameters. RicHARDS model is not so important in

practice but it is important theoretically.

Key words RicHARDS, MARQUARDT, TAYLOR series, AIC, BASIC program

1. Introduction

AKAMINE (1986) estimated parameters by MARQUARDT’S method for voN
BERTALANFFY, logistic and GomperTz models and their expanded models by the
periodic function. Ricuarps model includes these three models. In this paper,
estimation of parameters for RicHarDs model and correction of the “LOG” function

in the calculation will be described.

II. R1cHARDS model

1. Model
Ricuarps model is defined in the differential equation as follows :
(L
dl - 1 \lm> 2.1y
=Kl .
dt n
Then let
/ n
e —1
o > - (2.2)
n
Therefore,
dv _  l.n dl .
dt [t gt (2.3)
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Substitution of (2.1) and (2.2) into (2. 3) gives
N ) (2.4)

A general solution of this differential equation is
v=eh, h=—Kit+c¢, c :integral constant. (2.5)
Substitution of (2.5) into (2.2) gives
Lo
[ =~ TS h=—Kt+c. (2.6)
(1-+nek) n

This is the general solution of RicHARDS model.
The initial condition :

when =ty [+ e 1 (2.7)
(14n) =
gives the particular solution :
loo
[= ', h=—K(—ly). (2.8)
(14 neh) »
On the other hand, the initial condition :
when t=0, [=/, (2.9)
gives the particular solution :
lOO 100
[ = 1, b i"l’o" , h=—Kt. (2.10)
{1+(pr—1)eh} n
Note that
. X \# . 1
lim (\1+%) ' tim (1) =ex (2.11)
lim 7 Loy, (2.12)
n—0
Then (2.8) corresponds to three models as follows :
# = —1 : vON BERTALANFFY model
7n->0 : GOMPERTZ model
n=1 :logistic model
Relation of {y and /; is
1 n—1 1 .
to ‘-:»Eln ﬁ,,h =, when #n->0, tork—ln(ln[)). (2.13)

Although (2.9) is more general than (2. 7) as an initial condition, (2.7) is usually
used in fishery population dynamics and is easier to treat in calculation. (2. 13)
combines (2.8) and (2. 10).
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2. Property
Setting /''=0, we find that

1—(n+1><f)”:o.

When #>—1, this equation has a solution corresponding to (2.7).

n>—1, o is an inflection point.

Outlines of this model are as follows :
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(2.14)

Namely, when

First, (2.10) gives

lim /=, (2.15)
ly (¢t=0)
lim [= (2.16)
oo lw (£20)
These are shown in Fig. 1. On the other hand, (2. 8) gives
lim /=, (2.17)
0 (t=to) _
1m11={ , ty =t 1= (2.18)
el AN (=70 K
Namely, (2. 8) has intersection #,’ with the transverse axis (/=0) when #<0. These
are shown in Fig. 2. When #<0, (2. 8) is rewritten as
I=l.(1—eh)m, h=—K(i—ty), m=—-r. 2.8

Richards model

BODY LENGTH

% 5 10 15 20
TIME
Fig. 1. RicHARDs model : [ = fes , D :ll&, h =—Kt.
0

{1+ (p"—l)eh}%

l,=100, K=0.2, [,=10, n=—oc0, =5, —2, —1, 0, 1, 2, 5, co.
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Richards model

100 ®
g
l—
(&)
=
w 5
—
. 2
a T 1
(=}
o™ 0
1
3 /-1
-2 _5
al - PR 1 1
0 0 S 10 15
TIME
Fig. 2. RicHARDS model : [/ :#—, h =—K(t—t)).
(1+neh)yn

1,=100, K=0.2, {,=5, n=—5, —2, —1, —1/3,0, 1, 2, 5, co.

This is called the generalized voN BERTALANFFY model. Specifically, it is generally
used as a body weight growth model when n=—1/3.

3. Expanded model by the periodic function
This expansion is difined as follows :

K—Kf®), f@+1=r@) (2.19)

AxAMINE (1986) presented two models defined as follows in (2.4) :

B Kr o (type-1) (2.20)
dv
it O (type-2) (2.21)

In this paper, only the type-1 model is discussed because the type-1 is more natural
than the type-2. The particular solution of (2.20) with the initial condition as
(2.7) is
leo ,
| =——""73 h=—K{F@O)—F{ty)}, F@)=f). (2.22)
(1+4net) »n
AxaMINE (1986) used the following periodic function.

Fy =" 1o cos 21— (2.23)
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1+a
2

1 529 sin 2n(1—1) (2.24)

F(p) - v

The inflection points are given by the following equation.
h'2(1—eh) +R'"(1+neh) 0 (2.25)

This equation is the general equation of eqation (33), (53) and (63) of AKAMINE (1986)
and can be solved by NEwToN’s method.

II1. Estimation of parameters

1. MARQUARDT’s method
This is the expanded NEwToN’s method. Let Y be the objective function, @ be
parameters. It is expressed as follows in the case of searching the minimal point.

2y Y )
(H 1 A[)460 - g, H"("ag;gg’]: JE A P (3.1)
H : Hessian matrix
I : unit matrix

g : gradient vector

2 is the control factor of convergence. When A->oo it approaches the steepest
descent method : 46 -~ (1/2)g. On the other hand, when 20 it approaches NEWTON’s
method : H46—g. Therefore, let 4 be large at first, and make it small step by step
to get the solution. In this paper, the simplest method is used. When 4Y <0 let
Anew — old /2 to continue the calculation, when 4Y =0 let Avew=201dx2 and try again
the same iterative routine. When 4Y =0 after 10 times enlarging Z continuously,
we determine it to be the solution to end the calculation.

Scaling of the parameters is necessary because MARQUARDT's method is like to
the steepest descent method at first. Scaling is defined by a diagonal matrix S.
Then (3.1) becomes

(S'HS- 14 11)Sd46~ S g.
Cleaning this equation, we have

(H+28%)46-g. (3.2)
Generally, we use

S?=diagH. (3.3)

diagA : diagonal matrix composed of only the diagonal elements of A
Then it is sufficient to enlarge the diagonal elements of H by a factor (1-+4).
If H has a negative part of its diagonal elements, let 2>>1 and enlarge that part by
a factor (2--1) and the other part by a factor (1+42).
The objective function is the weighted least-squares method
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N o I— I\

y=5 (4, (3.4)
N : number of data
I°, ox° : data

Then it leads to

Y  _ 2(l—1Ir%) 2y 2

az""‘%’ o2 0 02 *%} o2’ (3.9)

0%y 2y 9l 9dl oY 02

0005 ol o0 oy T ol a0, 5.0

Because the second term of (3.6) contributes a little, it is omitted generally. Then
we get

@y 2y o o N o o

0700, o 00; M, 2, ek o0; a0, G
Therefore, the diagonal elements of H are always positive.
2. Partial differentiation by parameters

Parameters of RicHarDs model (2. 8) and (2. 22) are /.., K, ty, {1, aand n. Concrete
expressions of 9//90 are as follows :

?aazlz, B /{Z : 5-8)
e I 4=K,to 10 (3.9)
Where for (2.8)
By
Where for (2.22)
= (F()—F(t)
o~ Ky ()
2hosf o)
—gg‘t(f)—: — 1';*a/cos 2r(t—t)
e nf 0o
—Q%ét)—:; ¢ —'—%ﬁ"sin 2w (t—ty).
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For »n

ol

1 1 X
o = [ . { " In(14-nx)— '-'i-q_-;----~}>0, x=eh, (3.10)

.9
lim o = [ 9 >0.

n-»0

The sign of (3.10) is apparent in Fig. 2.

3. Correction of the “LOG” function

When n—0 it is difficult to calculate (2. 8), (2.22) and (3. 10) precisely. When
we use a high precision computer, it is sufficient to be careful only for n=0. The
probability of # being 0 is so low for normal data that we can ignore this case. But,
when we use a low precision computer, this problem is important because the precision
of its “LOG” function is too low.

Takanasai (1974) and HitorsumaTsu (1981) suggested that computers treat the

calculation of power as follows :
2v—>EXP (yxLOG(x)).

Although the “EXP” function is high precision, the “LOG” function is low precision.
The values of In(1+#) for a personal computer PC9801F (NEC, Ng—BASIC) and a
hand-held calculator FX502P (CASIO) are shown in Table 1. The FX502P result
is correct and the PC9801F result is not correct because of TAYLOR series as follows :

z2 23 24 25

In(l+z) ~z2— o + 3 — 4 + 5~ (8.11)

Table 1. Values of LOG(1+#) for PC9801F (NEC)
and FX502P (CASIO).

n PC9801F FX502P

999999995 x 107*°

100000 11.5129 11.51293546
10000 9.21044 9.210440367
1000 6.90875 6. 908754779
100 4.61512 4.615120516
10 2.3979 2.397895272
1 0.693147 0.69314718
0.1 9.53102x107* 9.5310179x10°*
0.01 9.95025x 1073 9.950330853 x 107*
0.001 9.99446 107" 9.995003330 x 107*
10 9.99405x107° 9.999500033 x 107°
107° 9.91555x107° 9.999950000 x 107°
107° 9.08925x 1077 9.999995000 X 1077
1077 8.26296 x10°® 9.999999500 X 107*
107* 0 9.999999950 x 10~?
0 9

107°
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And (3.10) has the problem of cancellation. Let

X
a :-:71[ In(1+nx), b=- JET

When #—0.1, x=0. 005 it is as follows :

PCI801F FX502P
@ 499826 4998750416
b 4.9975 4.997501249
@b 0.0076 0.001249167

Thus, the PC9801F gives the wrong values. When # is small, the number of
significant figures drop even in the FX502P values.
In this paper, for (2.8) and (2. 22) the following expression is used by (3. 11).

(1-+n2) L:exp[ f1-"9 4 m—é‘—)? — <%‘—)j+ ------ H (3.12)

And for (3.10) the following expression is used by (3.11) and

’141rz 1zt g2, (3.13)
ol a? 22nx | 2.3(mx)2 2.4(nx)3

on =g LT A

o oh (3.14)

(3.12) and (3.14) are used when |nx|=0. 1.

IV. AIC

When we treat n as a parameter the number of parameters increases by 1.
Therefore, the likelihood increases. But, the confidence area will be enlarged because
the correlations of parameters increase. An adequate number of parameters will be
presented by AIC (AkAIKE information criterion) :

AIC= —2InLmax+2r (4.1)
Lmax : maximum likelihood
7 : number of parameters

For the weighted least-squares method (3.4), (/r—{r")/or” distributes according to
N (0,1). Then it leads to

N

AIC=Y min+27-+const. (4.3)

On the other hand, for the least-squares method :
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N B
Y¥e=3 ([—1I)2 (4.4)
k=1

(Ir—1[r") distributes according to N (0, ¢). Then it ieads to

L=(yeey) e (= o) (4-5)

The following is used for the ¢2 estimate.

Y*_rzi,n _

e e @9

Then it leads to

AIC=NInY *min+27-const. 4.7)

Where the following approximation is used.

AW r _
1n<1~*N*>:.*N (r<N)
The model which minimizes AIC is regarded as the best. Namely, the model
which explains the data efficiently with fewer parameters is regarded as best.
Generally, AIC may be useful in the condition »=<2v'N.

V. Computer program

The BASIC programs for PC9801F (NEC) are listed in Appendices B and C.
These are the only changing parts from AkamINE (1986)’s program 1. When 1#<0,
the data satisfying 1+4mne?=0 are cut off. This is not so important in practice.
After line 20000 there is a correction to the “LOG” function. This is not necessary
for high precision computers or languages. It is better to check the “LOG” function
before use.

VI. Experiments

AkAMINE (1986)’s data (Table 2) is used for the test of these programs and
results are shown in Table 3. Adding » to the parameters makes Y min smaller but
AIC larger. Namely, it is not efficient for these data. It is natural because they
are made for n=—1, 0 and 1. On the other hand, adding # and « to the parameters
makes AIC smaller. They relate only to oscillation.
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Table 2-a. The data for the experiment (data-1).

k Lk I ok i k Lk I ok ok Lk e o
1 05 5 3 | 8 20 47 2 | 15 3.5 80 3
2 0.8 12 3 9 2.2 54 3 | 16 40 82 2
3 Lo 18 2 | 10 2.4 63 3 . 17 4.5 87 3
4 1.2 30 4 | 11 25 66 3 o, 18 50 88 3
5 .33 3 | 12 2.8 69 3 “ 19 7.5 99 5
6 15 42 3 | 13 3.0 68 6 20 10.0 99 2
7 L7453 14 32 T4 3 |

Table 2-b. The data for the experiment (data-2).

k Lk 7' ar’ : k Lk 1r° s Ok Lk 1i° ok
1 —4.0 1 2 | 10 —-0.7 38 4 19 2.0 87 3
2 —3.5 3 2 11 —0.3 39 5 20 2.3 92 4
3 —3.0 4 3 12 0.0 48 4 21 2.8 93 3
4 —2.8 7 3 |13 0.3 61 4 22 3.0 96 3
5 —2.4 7 3 ‘ 14 0.6 62 4 ‘ 23 3.5 97 2
6 —2.0 13 4 ‘ 15 0.8 66 5 24 4.0 98 3
7 —1.7 17 3 I 16 1.0 75 4 25 5.0 99 3
8 —1.4 18 3 17 1.3 81 3
4 18 1.7 82 3 ‘

Table 2-¢. The data for the experiment (data-3).

~
E

k Lk I¥° or° j’ k 1r° ar° ‘ k Ik 1° ok
1 -1.3 1 3 l 8 0.2 50 2 ‘ 15 2.0 88 2
2 -1.0 8 3 L9 0.4 55 3 L6 2.3 92 3
3 —0.8 16 2 10 0.7 56 5 7 2.7 92 3
4 -0.5 19 3 Lo 1.0 67 3 L8 3.0 o4 3
5 —-0.3 24 3 P12 1.2 77 3 | 19 4.0 98 2
6 -0.1 29 4 13 1.5 81 2 Lo20 5.0 98 3
7 4 1.8 82 3

0.0 40
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Appendix A. Partial defferentiation by # for (2. 10).

This is as follows :

o R , | apring b
on Lyl M =Dx) = SRS \ 0, x—ch.
. ol L x—x?

!IIH}I w7 (Inp)* 9 0.

The sign is apparent in Fig. 1. Thesc cxpressions scem to be more difficult to treat than (3. 10).

The expression of n—0 is led by (3.11), (3.13) and

yTl,,
I L
JIEE n 2
In addition to
1
lim o Atn) et
00 n 2 )

These are led by the following theory :

. . / . "
When lim f=0 and lim ¢ =0, lim '('"*——llm ,/, .

[y
n->a n-ra n ra noa Y
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Appendix B. The BASIC program to estimate parameters for RicHARDS model.
Changing parts from program-1 of AKAMINE (1986).

10 L
20 ! Richards model by Marguardt's method

30 !

40 ' by Tatsuro Akamine

50 ' 1987-06-24

60 Y e
1085 -

1090 ! Definition of functions

1095 -

1100 NP=4

1110 DEF FNEP1=EXP(-P2(2)*(TIME(K)-P2(3)))

1115 DEF FNEP2=1+P2(4)*FNEP1

1120 DEF FNDP1=1/POWER9

1130 DEF FNBL =P2(1)*FNDP1

1140 DEF FNDP2=FNBL*FNEP1/FNEP2* (TIME(K)-P2(3))

1150 DEF FNDP3=-FNBL*FNEP1/FNEP2*P2(2)

1190 DEF FNDP4=FNBL*DLDN9

1200 DEF FNPC9801=FNEP2/N(1/P2(4))

1210 DEF FNPC9802=(LOG(FNEP2)/P2(4)-FNEP1/FNEP2)/P2(4)
4072 LT Lt T T TP

4073 ! Check for 1+nx>0 and correction

4074 B e e TP

4075 IF FNEP2<¢=0 THEN PRINT "CANCEL 2 I=";K : GOTO *CSKIP2
4078 GOSUB *CHECK1

4105 GOSUB *CHECK2

4106 DIFFER(4)=FNDP4

4160 NEXT J : NEXT I

4163 *CSKIP2

4165 NEXT K

6023 IF FNEP2<=0 THEN LPRINT "CANCEL 1 I=";K : GOTO *CSKIP1
6025 GOSUB *CHECK1

6035 *CSKIP1

8065 PRINT " Richards n =";P(4)

19985 o m e
19990 ' Correction of (1+nx)”>(1/n) and dl/dn

19995 " mmm e

20000 *CHECK1

20010 BRANCH=P2(4)*FNEP1

20020 IF ABS(BRANCH)>.1 THEN POWER9=FNPC9801 ELSE GOSUB *CORRECT1
20030 RETURN

20100 *CHECK2

20110 BRANCH=P2(4)*FNEP1

20120 IF ABS(BRANCH)>.1 THEN DLDN9=FNPC9802 ELSE GOSUB *CORRECT2
20130 RETURN

21000 *CORRECT1

21010 CORY1=-BRANCH

21020 CORI1T=2 : CORD1=1

21030 *CORSTARTI

21040 CORC1=CORY1/CORI1

21050 IF ABS(CORC1)<.0000001 THEN *CORENDI
21060 CORD1=CORD1 +CORC1

21070 CORY1=CORY1*(-BRANCH) : CORI1T=CORIT+1
21080 GOTO *CORSTART1

21090 *COREND1

21100 POWER9=EXP (FNEP1*CORD1)

21110 RETURN

22000 *CORRECT2

22010 CORY2=-BRANCH
22020 CORI2=3 : CORD2=1
22030 *CORSTART2

22040 CORC2=2*CORY2* (CORI2-1)/CORI2

22050 IF ABS(CORC2)<.0000001 THEN *COREND2
22060 CORD2=CORD2+CORC2

22070 CORY2=CORY2* (-BRANCH) : CORI2=CORI2+1
22080 GOTO *CORSTART2

22090 *COREND2

22100 DLDN9=FNEP1*FNEP1*CORD2/2

22110 RETURN
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Appendix C. The BASIC program to estimate parameters for RicHARDS model

10

20

30

40

50

60

1020
1100
1110
1115
1120
1130
1140
1150
1190
1200
1210
1300
1400
1410
1420
1430
1450
1460
1470
4102
4103
8066
8067

expanded by a periodic function. Changing parts from appendix B.

Richards model expanded by periodic function
by Marquardt's method
by Tatsuro Akamine
1987-06-25

PAI=3.14159265#
NP=6
DEF FNEP1=EXP(-P2(2)*(FNFT1(TIME(K))-FNFT1(P2(3))))
DEF FNEP2=1+P2(4)*FNEP1
DEF FNDP1=1/POWER9
DEF FNBL =P2(1)*FNDP1
DEF FNDP2=FNEP3* (FNFT1(TIME(K))-FNFT1(P2(3)))
DEF FNDP3=-FNEP3*P2(2)*FNFT3(P2(3))
DEF FNDP4=FNBL*DLDN9
DEF FNDP5=FNEP3*P2(2)*(FNFT4(TIME(K))-FNFT4(P2(3)
DEF FNDP6=FNEP3*P2(2)*(FNFT5(TIME(K))-FNFT5(P2(3)
DEF FNEP3=FNBL*FNEP1/FNEP2
DEF FNFT1(TM)=FNP51*TM+FNP52/2/PAI*SIN(FNTM1 (TM))
DEF FNFT3(TM)=FNP51+FNP52*COS (FNTM1 (TM) )
DEF FNFT4 (TM)=-FNP52*COS (FNTM1 (TM) )
DEF FNFT5(TM)=TM/2-1/4/PAI*SIN(FNTM1(TM))

))
))

DEF FNP51=(1+P2(6))/2
DEF FNP52=(1-P2(6))/2
DEF FNTM1 (TM)=2*PAI*(TM-P2(5))

DIFFER(5)=FNDP5
DIFFER(6)=FNDP6
PRINT " T1 =
PRINT " A =";P(6)



